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Abstract
In this paper, we construct stable wavelet bases with piecewise quadratic functions for certain Sobolev spaces on non-uniform
meshes. These wavelets have small support with 4 or 6 non-zero coefficients. Furthermore, a simple method is developed for
verifying the global stability of wavelets derived from refinable functions with a complicated structure.
© 2005 Elsevier Inc. All rights reserved.
Keywords: Piecewise quadratic function; Wavelet; Stability; Sobolev space
1. Introduction
Wavelet-based methods have received more and more attention in several areas of applied mathematics [8], such
as modeling, analyzing and compressing data; providing efficient algorithms for hierarchical data decomposition,
reconstruction, and features extraction. Recently they have been developed successfully for numerical solutions of
operator equations [6,7,19]. In practice, many applications naturally involve data represented on non-uniform meshes
in two-dimensional space. Although various wavelets have been constructed and investigated on uniform meshes
over regular domains [8,11,12,16,21,28], relatively little is known about wavelets on non-uniform meshes of arbitrary
topology, especially for wavelets derived from refinable functions with a complicated structure. In this paper, we study
stable wavelet bases for certain Sobolev spaces on non-uniform meshes.
Let Ω be a polygonal domain in R2. We denote by L2(Ω) the space of real-valued square integrable functions
on Ω . We let the L2 inner product of two real-valued functions u and v be given by 〈u,v〉 :=
∫
Ω
u(x)v(x)dx, and
equip L2(Ω) with the norm ‖u‖L2 := 〈u,u〉1/2 for u ∈ L2(Ω). We denote by Hs(Ω) (s = 1 or 2) the Sobolev space
of real-valued functions in L2(Ω). Hs(Ω) is a Hilbert space with the inner product given by
〈u,v〉Hs :=
∫
Ω
∑
|α|s
Dαu(x)Dαv(x)dx.
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Moreover, we let
Dαv(x) := ∂
α1+α2v(x)
∂x
α1
1 ∂x
α2
2
and x := (x1, x2) ∈ Ω.
For a real number s ∈ (0,2), Hs is defined by interpolation between L2 and H 1 ∩H 2 [27].
We consider a sequence of closed nested subspaces of a Hilbert space H: V0 ⊂ V1 ⊂ · · · ⊂H. As usual, let Vk+1
be the direct sum of the subspaces Vk and Wk+1, k ∈ Z := {0,1, . . .}. We denote by {N k}k∈Z the nested index set,
for labeling basis functions of {Vk}k∈Z. We let Dk := N k \ N k−1, k ∈ Z (N−1 := ∅) be the difference index set
between N k and N k−1. For a fixed integer k ∈ Z, let {φk,j }j∈N k and {ψk,j }j∈Dk , respectively, be two bases for Vk
and Wk . ψk,j is usually called a wavelet. For notational convenience, we let ψ0,j := φ0,j , j ∈N 0. {ψk,j }k∈Z, j∈Dk are
H-stable if
C1
∑
k∈Z
∑
j∈Dk
d2k,j 
∥∥∥∥∥∑
k∈Z
∑
j∈Dk
dk,jψk,j
∥∥∥∥∥
2
H
 C2
∑
k∈Z
∑
j∈Dk
d2k,j (1)
holds true for every square summable sequence {dk,j }k∈Z, j∈Dk , where C1, C2 are two constants independent of the
selection of {dk,j }k∈Z, j∈Dk . Here and in what follows, C, C1, and C2 denote generic constants and may be different
from situation to situation. In addition, {ψk,j }k∈Z, j∈Dk form a Riesz basis of H if the linear span of {ψk,j }k∈Z, j∈Dk
is dense in H.
If the requirement of orthogonality within the same level is dropped but orthogonality between levels is still im-
posed on wavelets in the sense of L2, then such wavelets, called pre-wavelets in literature [8,20,25], are stable in
Sobolev spaces after properly scaled [24,29]. This crucial property is of particular importance in preconditioning
[3,22,28–30] for numerical solutions of elliptic problems when they are discretized in wavelet bases. Floater and
Quak constructed piecewise linear pre-wavelets on general meshes with small support in [13–15]. In particular, on
uniform triangular meshes in R2, each of their wavelets has 13 non-zero coefficients. Explicit constructions of pre-
wavelets along this line with different properties are developed in [16,17]. To further reduce the support of a wavelet,
one might even relax the orthogonality of pre-wavelets between levels by making use of more general discrete L2
inner products. 3-coefficient piecewise linear wavelets [26] on general meshes are examples of wavelets in this cate-
gory. Nevertheless, these wavelets are all derived from the simple piecewise linear basis. To the best of our knowledge,
little is known about stable wavelets derived from more complicated basis functions, say, piecewise polynomial bases
with higher degrees. This raises a theoretical interesting problem for us. In this paper, we aim at constructing wavelet
bases with piecewise quadratic functions on non-uniform meshes. These wavelets are orthogonal between levels with
respect to discrete L2 inner products. Compared with piecewise linear wavelets, they provide a higher approximation
order and thus bring us the advantage of high accuracy with relative low computational cost. Therefore, apart from
the theoretical curiosity, the piecewise quadratic basis is useful in applications. For instance, it is critical in saturation
assumption which is widely used in a posteriori error analysis (or adaptive approximation) of finite element methods
[1,2]. Saturation assumption asserts that the best approximation error in H 1 with piecewise quadratic finite elements
is strictly smaller than that of piecewise linear finite elements.
The general theory on the global stability of properly scaled L2 pre-wavelets in Sobolev spaces relative to orthog-
onal projections is well known (for example, see [24]). Bernstein’s inequality (2) and Jackson’s inequality (3) play a
central role. Essentially, they characterize the following properties of certain nested subspaces {Vk}k∈Z on regularly
refined meshes for a proper positive real number s:
‖u‖Hs  C2ks‖u‖L2, u ∈ Vk, (2)
and
inf
v∈Vk
‖u− v‖L2 C2−ks‖u‖Hs , u ∈ Hs. (3)
Bernstein’s inequality and Jackson’s inequality always hold true for certain typical finite element spaces [5,10,29].
For wavelets derived from piecewise quadratic functions, because they are no longer orthogonal to each other even
between different levels with respect to L2 inner products, the general theory mentioned above [24] is no longer di-
rectly applicable to this case. The crucial part for verifying the global stability of wavelets turns out to be the estimate
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wavelets is not suitable for wavelets derived from refinable functions with a complicated structure. To circumvent
this difficult situation, we propose a new simple estimate and thus greatly reduce the complexity of checking stabil-
ity conditions. This modification makes it possible to verify the stability of wavelets constructed from much more
complicated refinable functions such as the piecewise quadratic functions treated here.
This paper is divided into three parts. The second section focuses on fundamental facts for the piecewise quadratic
basis and the corresponding multiscale analysis. We discuss discrete L2 inner products and the construction of
wavelets in Section 3. The last section is devoted to the global stability of the wavelet system in Sobolev spaces.
2. A piecewise quadratic basis and multiscale subspaces
2.1. A local basis on a triangle
We first introduce a piecewise quadratic Lagrange basis on an arbitrary triangle. In what follows, we always let 	
be the triangle 	P1P2P3 for notational convenience. By P1, P2, P3 we denote the three vertices of 	. We let vol(	)
be the area of 	 and (j1, j2, j3) be a permutation of (1,2,3). For any x ∈ R2, we let
ξj1 =
vol(	Pj2Pj3x)
vol(	Pj2Pj3Pj1)
, j1 = 1,2,3.
Then the triplet ξ := (ξ1, ξ2, ξ3) is called the barycentric coordinate of x with respect to 	. Thus the piecewise
quadratic Lagrange function sitting at a vertex Pj , j = 1,2,3 is given by
φPj (x) := 2ξj
(
ξj − 12
)
, j = 1,2,3 (4)
and the piecewise quadratic Lagrange function sitting at the midpoint qj , j = 1,2,3 of an edge is given by
φqj1
:= 4ξj2ξj3 , j1 = 1,2,3. (5)
2.2. Bases on general meshes and nested subspaces
Having settled piecewise quadratic functions on a triangle, we introduce piecewise quadratic functions on meshes.
Let T be a triangulation of a polygonal domain Ω , and N be the set of vertices of T . Let the set of all edges be E ,
and the set of midpoints of all edges be D. Moreover, we let N 0 := N ∪ D. Associated with each vertex or each
midpoint of every edge in T , there is a piecewise quadratic basis function denoted by φP , which is defined on all
neighboring triangles sharing P . Moreover, φP is defined by (4), (5) on each of these triangles (see Fig. 1). It is clear
that φP ∈ C0(Ω) is locally supported and vanishes at P ′ ∈N 0, P ′ = P . Obviously {φP }P∈N 0 are therefore linearly
independent.
Because of the one-to-one correspondence between basis functions and nodes of N 0, we use the node P ∈N 0 to
label the basis function φP and let the finite-dimensional space V be the linear span of the set {φP : P ∈N 0}. The
so-called regular refinement of a mesh is to subdivide each triangle into four congruent subtriangles by connecting
Fig. 1. The support of basis functions.
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mesh. We shall make one assumption on the initial mesh. That is, any edge of any triangle in T is either a subset
of the boundary or an edge of another triangle in T . This excludes the case that the vertex of one triangle may be
in the interior of another triangle’s edge. It is the conforming condition for a mesh. Although we might construct
wavelets on the so-called locally quasi-uniform meshes [3,29,30], for convenience of presentation, we always assume
the use of the regular refinement of meshes in the following context to avoid using mesh dependent norms. Based
on the regular refinement procedure, we obtain multiscale nested subspaces V = V0 ⊂ V1 ⊂ · · · ⊂ VJ . After refine
the initial mesh k (k < J ) times, we reach a much finer triangulation Tk . Let the set of all vertices of level k be Nk ,
and the set of all midpoints of edges of level k be Dk . By Ek we denote the set of all edges in Tk . Analogously, let
N k :=Nk ∪Dk . For a fixed triangulation Tk , there is one piecewise quadratic basis function φk,P (x) corresponding to
each node P ∈N k . Finally, we let Vk := span{φk,P : P ∈N k}, k = 1,2, . . . , J . It is easily seen that these subspaces
are nested. In particular, each function in V0 can be represented in terms of basis functions in V1. It is also clear that⋃
k∈Z Vk is dense in Hs(Ω) for s ∈ [0,3/2).
3. The construction of wavelets
To design stable wavelets which are not orthogonal between levels in the sense of L2, we introduce a sequence of
discrete L2 inner products on {Vk}k∈Z. Motivated by the fact that for a function f ∈ Vk with the representation
f (x) =
∑
P∈N k
f (P )φk,P (x), x ∈ Ω, (6)
it is uniquely determined by its values at all nodes of N k , i.e., {f (P )}P∈N k , we define the discrete L2 inner product
on the space Vk by
〈u,v〉Dk :=
∑
T ∈Tk
( ∑
P∈N (T )
u(P )v(P )+ t2
∑
P∈D(T )
u(P )v(P )
)
vol(T ), u, v ∈ Vk, t > 0, (7)
where N (T ), D(T ) denote the set of the three vertices of T and the set of the three midpoints of the three edges
of T , respectively. Here, t is an adjustable positive parameter and it affects the scale of s for the Sobolev space Hs .
We will see its influence at the end of the proof of Lemma 4.5. Because of the interpolant property of piecewise
quadratic functions, {φk,P }P∈N k becomes an orthogonal basis automatically with respect to the discrete L2 inner
product 〈·, ·〉Dk . Note that the basis functions {φk,P }P∈N k for Vk are the L2-stable in L2(Ω) [5]. It follows from the
knowledge of stability [20] that the discrete L2 norm defined by ‖u‖Dk := 〈u,u〉1/2Dk is equivalent to the L2 norm‖u‖L2 for any function u ∈ Vk . In particular, we have the following lemma.
Lemma 3.1. Let δ− = 1√
(17+√229)/90 , δ+ =
1√
(17−√229)/90 and u ∈ Vk . Then we have the following norm equivalence:
δ− min{1, t}‖u‖L2  ‖u‖Dk  δ+ max{1, t}‖u‖L2 . (8)
Proof. We assume u ∈ Vk . Let M = maxT ∈Tk
‖u‖2
L2(T )
‖u‖2
Dk(T )
. It follows that ‖u‖2L2(T ) M‖u‖2Dk(T ) for any T ∈ Tk . Then
‖u‖2L2
‖u‖2Dk
=
∑
T ∈Tk ‖u‖2L2(T )∑
T ∈Tk ‖u‖2Dk(T )

∑
T ∈Tk M‖u‖2Dk(T )∑
T ∈Tk ‖u‖2Dk(T )
= M ≡ max
T ∈Tk
‖u‖2L2(T )
‖u‖2
Dk(T )
.
In an analogous manner, we obtain
min
T ∈Tk
‖u‖2L2(T )
‖u‖2 
‖u‖2L2
‖u‖2  maxT ∈Tk
‖u‖2L2(T )
‖u‖2 .Dk(T ) Dk Dk(T )
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Therefore, we shall only focus on the computing of ‖u‖2L2(T ) and ‖u‖2Dk(T ) on a triangle T in Tk . For illustration
purpose, we let T be 	P1P2P3 in Fig. 2. It is clear that u =∑j=1,2,3 u(Pj )φk,Pj + u(qj )φk,qj on the triangle T ,
where the explicit expressions of φk,P , P ∈ {Pj , qj , j = 1,2,3} are given by (4) and (5). By the quadrature rule∫
T
ξ
α1
1 ξ
α2
2 ξ
α3
3 dξ =
α1!α2!α3!2!
(α1 + α2 + α3 + 2)! vol(T )
on T ([10], Exercise 4.4.1), where αj , j = 1,2,3 are non-negative integers, we obtain
‖u‖2L2(T ) = vol(T )UT SuU.
Here, the vector U := (u(P1), u(P2), u(P3), u(q1), u(q2), u(q3))T and Su is a symmetric positive definite matrix with
its upper triangle given by
Su =
⎛⎜⎜⎜⎜⎜⎝
1/30 −1/180 −1/180 −1/45 0 0
1/30 −1/180 0 −1/45 0
1/30 0 0 −1/45
8/45 4/45 4/45
8/45 4/45
8/45
⎞⎟⎟⎟⎟⎟⎠ .
Its maximum and minimum eigenvalues are 1/δ− and 1/δ+, respectively. This leads to the following inequality:
1
δ+
UT U 
‖u‖2L2(T )
vol(T )
 1
δ−
UT U. (9)
We obtain from (7) that
min
{
1, t2
}
UT U 
‖u‖2
Dk(T )
vol(T )
max
{
1, t2
}
UT U. (10)
Combining (9) and (10), we prove the lemma. 
Discrete L2 inner products are introduced to reduce the complexity of constructing wavelets. To find pre-wavelets
of small support which are orthogonal between levels in the sense of L2 is far from trivial. To the best of our knowl-
edge, the pre-wavelets derived from piecewise linear functions with the smallest support in R2 are Floater and Quak’s
pre-wavelets. However, their method is not easily applicable to the case of piecewise quadratic functions. This mo-
tivates us to alternatively decompose the finer space Vk+1 into a direct sum of Vk and its orthogonal complement
W˜k+1 with respect to the discrete L2 inner product 〈·, ·〉Dk+1 instead of the L2 inner product. Moreover, this process
efficiently decreases the support of wavelets, and makes the implementation in applications much easier. As a conse-
quence, for every element v ∈ W˜k+1, we have the orthogonality condition
〈u,v〉Dk+1 = 0, ∀u ∈ Vk. (11)
The evaluation of the discrete L2 inner product of two functions on Vk+1 is based on the observation that only
values of two functions on N k+1 are involved. One simple case for 〈u,v〉D = 0 is that at every node P ∈N k+1,k+1
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φk,P4 ∈ Vk is orthogonal to φk+1,P ∈ Vk+1, P ∈ {P1, d2, q2, d1,P3} with respect to 〈·, ·〉Dk+1 (see Fig. 2). This is true
because φk,P4 vanishes on the line segment P1P3 and φk+1,P , P ∈ {P1, d2, q2, d1,P3} vanishes at every node inN k+1
except at P . In the following part of the section, this property is used frequently to check the orthogonality between a
basis function in Vk and a basis function in Vk+1.
The dimension of the wavelet subspace W˜k+1 is given by #W˜k+1 = #Vk+1 − #Vk = #Dk+1, where # denotes the
dimension of a space or the cardinality of a set. It follows that for each node of Dk+1, there is one associated wavelet
in W˜k+1. For convenience, we consider the wavelet functions restricted on 	 in Tk (see Fig. 2). After the refinement,
each triangle in Tk is split into 4 smaller ones. As usual, let qj , j = 1,2,3 be the midpoints of the three edges of 	.
Wavelets to be constructed in W˜k+1 are functions associated with midpoints of edges of newly created small triangles.
In 	, these midpoints are {dj , j = 1,2, . . . ,9}, as depicted in Fig. 2. Because of symmetry, we classify the wavelets
associated with {dj , j = 1, . . . ,6} as one category and the wavelets associated with {d7, d8, d9} as the other category.
We next consider the wavelet ψk+1,d1 for d1 as a typical wavelet in the first category of wavelets and ψk+1,d7 as a
typical wavelet in the second category.
If a basis function φk,P ∈ Vk vanishes at d1, then it is automatically orthogonal to φk+1,d1 with respect to the inner
product 〈·, ·〉Dk+1 . We thus collect a subset of nodes ℘k+1,d1 ⊂N k such that {φk,P ,P ∈ ℘k+1,d1} do not vanish at d1.
In other words, φk,P (d1) = 0 if P /∈ ℘k+1,d1 . After a careful check, we have ℘k+1,d1 = {P1, q2,P3}. On the other
hand, we observe that every basis function φk+1,P ∈ Vk+1 associated with a node P ∈N k is orthogonal to all basis
functions of Vk with respect to 〈·, ·〉Dk+1 except φk,P . It is true because all piecewise quadratic basis functions of Vk
vanish at P ∈N k except the function φk,P , while φk+1,P vanishes at all nodes in N k+1 except the node P . On the
basis of the above discussion, we claim that {φk+1,d1} ∪ {φk+1,P ,P ∈ ℘k+1,d1} are orthogonal to all basis functions of
Vk except {φk,P ,P ∈ ℘k+1,d1}. Thus a linear combination of the basis functions φk+1,d1 and {φk+1,P ,P ∈ ℘k+1,d1} is
a good choice for constructing the wavelet ψk+1,d1 with small support. We let
ψk+1,d1 := φk+1,d1 +
∑
P∈℘k+1,d1
αk+1,d1,P φk+1,P . (12)
The coefficients in (12) shall be determined to make ψk+1,d1 orthogonal to Vk with respect to the discrete L2 inner
product 〈·, ·〉Dk+1 . This is the orthogonality between ψk+1,d1 and {φk,P ,P ∈ ℘k+1,d1}. Because of the orthogonality
among basis functions, i.e., 〈φk+1,P , φk,P˜ 〉Dk+1 = 0, P = P˜ , and P, P˜ ∈ ℘k+1,d1 , the coefficients can be determined
easily as follows. The orthogonality condition
〈φk+1,d1 , φk,P 〉Dk+1 + αk+1,d1,P 〈φk+1,P , φk,P 〉Dk+1 = 0, P ∈ ℘k+1,d1
implies
αk+1,d1,P = −
〈φk+1,d1 , φk,P 〉Dk+1
〈φk+1,P , φk,P 〉Dk+1
, P ∈ ℘k+1,d1 .
We only compute αk+1,d1,P1 in detail and other coefficients can be computed in the same fashion. By Tk+1(P )
we denote the neighboring triangles (in Tk+1) of P , for instance, Tk+1(d7) = 	P3q1q2 ∪ 	q1q3q2. Note that
φk,P1(d1) = 2 14
( 1
4 − 12
)= − 18 by (4). Then 〈φk+1,d1 , φk,P1〉Dk+1 = − 18 t2 vol(Tk+1(d1)). Since φk,P1(P1) = 1, we have〈φk+1,P1 , φk,P1〉Dk+1 = vol(Tk+1(P1)). It follows that
αk+1,d1,P1 =
1
8
vol(Tk+1(d1))t2
vol(Tk+1(P1)) .
In particular, we have
αk+1,d1,P3 =
−3
8
vol(Tk+1(d1))t2
vol(Tk+1(P3)) and αk+1,d1,q2 =
−3
4
vol(Tk+1(d1))t2
vol(Tk+1(q2)) = −
t2
4
.
In an analogous manner, we set up formulae for the second type of wavelets. For example, after we obtain ℘k+1,d7 =
{q1, q2, q3,P1,P2}, we let
ψk+1,d7(x) := φk+1,d7(x)+
∑
P∈℘
αk+1,d7,P φk+1,P (x). (13)k+1,d7
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αk+1,d7,P = −
〈φk+1,d7 , φk,P 〉Dk+1
〈φk+1,P , φk,P 〉Dk+1
, P ∈ ℘k+1,d7 .
Especially, we obtain
αk+1,d7,P = −
t2
2
vol(Tk+1(d7))
vol(Tk+1(P )) , P ∈ {q1, q2}, αk+1,d7,P =
t2
8
vol(Tk+1(d7))
vol(Tk+1(P )) , P ∈ {P1,P2}
and
αk+1,d7,q3 = −
t2
4
vol(Tk+1(d7))
vol(Tk+1(q3)) .
Finally, W˜k+1 is defined to be the linear span of the wavelets {ψk+1,P }P∈Dk+1 . We observe that for each piecewise
quadratic basis function φk+1,P , P ∈ Dk+1, it is only composed in one wavelet ψk+1,P ∈ W˜k+1, P ∈ Dk+1. Since
{φk+1,P }P∈Dk+1 are linear independent, we obtain the linear independence of {ψk+1,P }P∈Dk+1 and indeed, they form
a Riesz basis for W˜k+1.
Lemma 3.2. {ψk+1,P }P∈Dk+1 form an L2-stable basis for W˜k+1. That is, for every square summable sequence
{dk+1,P }P∈Dk+1 , there are two constants C1 and C2 such that
C1
∑
P∈Dk+1
d2k+1,P  22k
∥∥∥∥∥ ∑
P∈Dk+1
dk+1,P ψk+1,P
∥∥∥∥∥
2
L2
 C2
∑
P∈Dk+1
d2k+1,P . (14)
To study whether the constants C1 and C2 in the stability condition (14) depend on valences of vertices is of
particular importance in applications, where the valence of a vertex is the number of edges emanating from that
vertex. Such dependence on the mesh structure may result in instability in implementation. After a careful inspection
in the following, we find that two constants in (14) are independent of valences.
We let v(x) =∑P∈Dk+1 dk+1,P ψk+1,P (x). By expressions of wavelets in (12) and (13), we have
v(x) =
∑
P∈Dk+1
dk+1,P φk+1,P (x)+
∑
P∈N k
ck+1,P φk+1,P , (15)
where ck+1,P , P ∈N k comes from contributions of dk+1,qψk+1,q (x) sitting nearby P . It is interesting to see whether
or how ck+1,P depends on valences of vertices in Tk . There are two types of nodes in N k , i.e., Nk , and Dk . First, we
consider a typical node in Dk , say q2, in Fig. 2. As usual, we assume 	P1P2P3 is a triangle in Tk . By (12) and (13),
we have
ck+1,q2 = −
t2
4
(dk+1,d1 + dk+1,d2)−
t2
2
vol(Tk+1(d7))
vol(Tk+1(q2)) (dk+1,d7 + dk+1,d8 + dk+1,d9/2)
− t
2
2
vol(Tk+1(o1))
vol(Tk+1(q2)) (dk+1,o1 + dk+1,o2 + dk+1,o3/2). (16)
There are always 8 terms on the right-hand side of (16). Note that
vol
(Tk+1(dj ))= vol(	P1P2P3)2 , j = 7,8,9, vol(Tk+1(oj ))= vol(	P1P3P4)2 , j = 1,2,3,
and
vol
(Tk+1(q2))= 34 vol(	P1P2P3 ∪ 	P1P3P4).
We conclude that every coefficient of dk+1,P , P ∈ {d1, d2, d7, d8, d9, o1, o2, o3} on the right-hand side of (16) is
bounded and thus ck+1,P , P ∈Dk do not depend on valences. Second, we check a typical node inNk , say P1. To write
ck+1,P , P ∈Nk explicitly, we introduce further notions. Recall that Ek is the set of edges of Tk . Let Ek(P ) := {e ∈ Ek,
P is one vertex of e} be the set of edges of Ek emanating from P ∈Nk . Let Υk+1,P := {q ∈Dk+1: q on e ∈ Ek(P )},
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P1P2 and P1P3, we have d2, d3 ∈ Υ 0k+1,P1 , d1, d4 ∈ Υ 1k+1.P1 . By Υ 2k+1,P we denote the set of nodes in Dk+1 that are
located inside Tk(P ) \ Tk+1(P ). For example, d7, d9 ∈ Υ 2k+1,P1 , but d8 /∈ Υ 2k+1,P1 because d8 ∈ Tk+1(P1). Then for
P ∈Nk , we have
ck+1,P =
(
−3t
2
8
∑
q∈Υ 0k+1,P
vol
(Tk+1(q))dk+1,q + t28 ∑
q∈Υ 1k+1,P
vol
(Tk+1(q))dk+1,q
+ t
2
8
∑
q∈Υ 2k+1,P
vol
(Tk+1(q))dk+1,q)/vol(Tk+1(P )). (17)
It is interesting to observe that
∑
q∈Υ lk+1,P vol(Tk+1(q))/vol(Tk+1(P )) = 2 for l = 0,1, and 4 for l = 2. This indicates
that the absolute values of the coefficients of dk+1,q in (17) are summed up to a constant dependent only on t , although
the number of the wavelets contributing to ck+1,P is dependent on the valence of P . In fact, this phenomena can be
observed in the expression for ck+1,q2 too.
For simplicity, let Λk+1,P ⊂ Dk+1 be the set of all nodes that ψk+1,q , q ∈ Λk+1,P make contributions to the
node P ∈ N k . For example, Λk+1,P = ⋃2l=0 Υ lk+1,P for P ∈ Nk . For q2 ∈ Dk in Fig. 2, we have Λk+1,q2 ={d1, d2, d7, d8, d9, o1, o2, o3}. With the new notion, we rewrite (16) and (17) in the following:
ck+1,P =
∑
q∈Λk+1,P
βk+1,P ,qdk+1,q . (18)
Moreover, we have
∑
q∈Λk+1,P |βk+1,P ,q |K := 3t2/2 for (17). It follows that
|ck+1,P |2 
∑
q∈Λk+1,P
|βk+1,P ,q |2
∑
q∈Λk+1,P
|dk+1,q |2 
( ∑
q∈Λk+1,P
|βk+1,P ,q |
)2 ∑
q∈Λk+1,P
|dk+1,q |2
K2
∑
q∈Λk+1,P
|dk+1,q |2. (19)
Because each wavelet is a linear combination of at most 6 basis functions in Vk+1, but with only one basis function
sitting at Dk+1, each wavelet φk+1,P can contribute to at most 5 nodes in Nk . This shows∑
P∈N k
∑
q∈Λk+1,P
|dk+1,q |2  5
∑
P∈Dk+1
d2k+1,P . (20)
Combining (19) and (20) yields∑
P∈N k
|ck+1,P |2 
∑
P∈N k
K2
∑
q∈Λk+1,P
|dk+1,q |2  5K2
∑
P∈Dk+1
d2k+1,P . (21)
This proves that valences do not come into the estimate. Since {φk+1,P }P∈N k+1 form an L2-stable basis for Vk+1, it
follows from Lemma 3.1 and (15) that there exist two constants C1 and C2 such that
C1‖v‖2L2 
∑
P∈N k
c2k+1,P vol
(Tk+1(P ))+ ∑
P∈Dk+1
d2k+1,P vol
(Tk+1(P )) C2‖v‖2L2 .
Moreover, we have vol(Tk+1(P )) ≈ 2−2k by the regular refinement procedure of meshes. Together with (21), we
obtain the stability of wavelets in Lemma 3.2, where C1, C2 are independent of valences.
Before we close this section, we mention that vanishing moments of wavelets in our development are not clear
in the sense of L2. Vanishing moments are important for data compression if a function is represented in terms of
wavelets. To develop a uniform approach combining the strength of stability and vanishing moments for wavelets
derived from refinable functions with a complicated structure is an interesting and open problem.
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In the previous section, we discussed the L2 stability of wavelets within one wavelet subspace. In this section,
we aim to verify that the properly scaled wavelets form a global stable basis for Hs(Ω), s ∈ (0.3974,3/2). For this
purpose, we first introduce several useful lemmas.
Lemma 4.1 (strengthened Cauchy–Schwarz inequality).
〈uk, vl〉Hs  Cγ |l−k|
(‖uk‖L2 2ks)(‖v‖L22ls), uk ∈ Vk, vl ∈ Vl, s ∈ [0,3/2), (22)
where 0 < γ < 1 is a positive constant independent of k, l.
The proof of the strengthened Cauchy–Schwarz inequality for the piecewise linear nodal basis appeared in [5]. The
proof for the piecewise quadratic basis can be carried out in the same way as in [26]. Furthermore, the strengthened
Cauchy–Schwarz inequality is a sufficient condition for wavelets to be a so-called Bessel sequence [9,18]. Assume
k < l and let s ∈ [0,3/2) and ε be a positive small real number such that s ± ε ∈ [0,3/2). It follows from Bernstein’s
inequality (2) that
〈uk, vl〉Hs  ‖uk‖Hs+ε‖vl‖Hs−ε  C‖uk‖L22k(s+ε)‖vl‖L22l(s−ε) = C2−ε(l−k)
(‖uk‖L2 2ks)(‖vk‖L22ls).
Clearly, γ can be chosen as 2−ε < 1.
The global stability of the wavelet basis in certain Sobolev spaces is on the basis of the following stable decompo-
sition using the L2 orthogonal projections.
Lemma 4.2. Let Qk :Vk+1 → Vk be the L2 orthogonal projection with the property 〈Qkuk+1, v〉 = 〈uk+1, v〉 for any
uk+1 ∈ Vk+1, v ∈ Vk , k = 0,1, . . . . Then there exist two constants C1 and C2 such that
C1‖u‖2Hs 
∞∑
k=0
4ks
∥∥(Qk+1 −Qk)u∥∥2L2 C2‖u‖2Hs , ∀u ∈ Hs(Ω), s ∈ [0,3/2).
Crucial elements in the proof of the above lemma are Bernstein’s inequality (2) and Jackson’s inequality (3). The
proof needs the knowledge on Besov spaces and it may be found in [4].
As the counterpart of W˜k , we introduce the L2 orthogonal decomposition of the space L2(Ω) as follows. We let
Wk+1 := (Qk+1 −Qk)Vk+1, k ∈ Z (W0 := V0).
It follows that
L2(Ω) =
⋃
k∈Z
Wk,
and for any u ∈ Wk , v ∈ Wl , k = l,
〈u,v〉 = 0.
Let Yk be the orthogonal projection from Vk+1 to Vk with respect to the discrete L2 inner product 〈·, ·〉Dk+1 , i.e., for
any u ∈ Vk+1, v ∈ Vk ,
〈Yku, v〉Dk+1 = 〈u,v〉Dk+1 .
Then for u ∈ Vk+1, we have (I − Yk)u ∈ W˜k+1. The following lemma indicates a norm equivalence for functions
in W˜k+1.
Lemma 4.3. For uk ∈ W˜k+1 and s ∈ [0,3/2), there exist two constants C1 and C2 such that
C12ks‖uk‖L2  ‖uk‖Hs  C22ks‖uk‖L2 .
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#Vk+1 = #Vk + #W˜k+1.
Note that uk ∈ W˜k+1 ⊂ Vk+1. We have
‖uk‖L2  C‖uk‖Dk+1 = C
∥∥(I − Yk)uk∥∥Dk+1  C∥∥(I −Qk)uk∥∥Dk+1 C∥∥(I −Qk)uk∥∥L2  C2−ks‖uk‖Hs .(23)
In the last inequality of (23), we use Jackson’s inequality (3) for the subspace Vk . This shows that 2ks‖uk‖L2 
C‖uk‖Hs . On the other hand, by Bernstein’s inequality (2), we obtain
‖uk‖Hs  C2ks‖uk‖L2 .
This completes the proof. 
We let the projection operator Zlk be given by Zlk := (I − Yk−1)(Yk · · ·Yl−1), k < l. The following lemma provides
a simple estimate on ‖Zlk‖L2←L2 . This estimate plays a vital role in the global stability of wavelet bases in certain
Sobolev spaces.
Lemma 4.4. There exists λ < 1 such that∥∥Zlk∥∥L2←L2  C2λ(l−k)
holds true for k < l, where C is a constant independent of l and k.
Proof. It is clear that∥∥Zlk∥∥L2←L2 := sup
ul∈Vl
‖Zlkul‖L2
‖ul‖L2
= sup
ul∈Vl
‖Zlkul‖L2
‖vk‖Dk
‖vk‖Dk
‖vk+1‖Dk+1
· · · ‖vl−1‖Dl−1‖vl‖Dl
‖vl‖Dl
‖ul‖L2
, (24)
where vj := Y ljul , Y lj := Yj · · ·Yl−1, j < l, and Y ll := I . First, we estimate the first and the last terms of (24) as follows
‖Zlkul‖L2
‖vk‖Dk
= ‖(1 − Yk−1)vk‖L2‖vk‖Dk
 C1
‖(1 − Yk−1)vk‖Dk
‖vk‖Dk
 C1 and
‖vl‖Dl
‖ul‖L2
 C2.
Second, we consider the middle terms of the form
‖vj ‖Dj
‖vj+1‖Dj+1 in (24) with k  j < l. Considering vj = Yjvj+1, we
have
‖vj‖Dj
‖vj+1‖Dj+1
= ‖vj‖Dj‖vj‖Dj+1
‖Yjvj+1‖Dj+1
‖vj+1‖Dj+1

‖vj‖Dj
‖vj‖Dj+1
. (25)
In the last inequality, we used
‖Yj vj+1‖Dj+1
‖vj+1‖Dj+1  1, because Yj is the orthogonal projection from Vj+1 to Vj with respect
to the discrete L2 inner product 〈·, ·〉Dj+1 . We assume
‖vj ‖Dj
‖vj ‖Dj+1  2
λ (λ < 1) for a moment and postpone its lengthy
proof to the next lemma. Then plug
‖vj ‖Dj
‖vj ‖Dj+1  2
λ into (25), we have ‖vj ‖Dj‖vj+1‖Dj+1  2
λ for k  j < l. Together with
(24), we have∥∥Zlk∥∥L2←L2  C2λ(l−k).
This completes the proof. 
As pointed out in the previous lemma, the essential part for verifying ‖Zlk‖L2←L2  C2λ(l−k) is the justification of
the inequality ‖f ‖Dj /‖f ‖Dj+1  2λ for any f ∈ Vj .
Lemma 4.5. There exists a positive number λ < 1 such that
‖f ‖2Dk/‖f ‖2Dk+1  22λ, ∀f ∈ Vk. (26)
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used in Lemma 3.1, we reduce the left-hand side of (26) to a simpler estimate on a triangle T ∈ Tj , j  k as follows
‖f ‖2Dk/‖f ‖2Dk+1 =
∑
T ∈Tj ‖f ‖2Dk(T )∑
T ∈Tj ‖f ‖2Dk+1(T )
 max
T ∈Tj
‖f ‖2Dk(T )
‖f ‖2Dk+1(T )
.
Clearly, T can be relaxed to be the set of triangles in Tj to get a sharper estimate for λ. However, for simplicity, we just
let j = k and let T be a triangle in Tk in the following part of the proof. Compared with Stevenson’s method in [26],
which involves three subsequent levels of subspaces, the term maxT ∈Tk ‖f ‖2Dk(T )/‖f ‖2Dk+1(T ) used in our estimate
only involves two subsequent levels of subspaces. This simplifies the estimate significantly.
Let T be 	P1P2P3 in Fig. 2, and assume that T ∈ Tk . By the definition of the discrete L2 inner product (7), we
have
‖f ‖2Dk(T ) =
( ∑
P∈{P1,P2,P3}
f 2(P )+ t2
∑
P∈{q1,q2,q3}
f 2(P )
)
vol(T ). (27)
The calculation of ‖f ‖2Dk+1(T ) involves each subtriangle of T in Tk+1. It follows that
‖f ‖2
Dk+1(T˜ )
=
( ∑
P∈N (T˜ )
f 2(P )+ t2
∑
P∈D(T˜ )
f 2(P )
)
vol(T /4),
where T˜ ∈ Tk+1 is a subtriangle of T . Moreover,
‖f ‖2Dk+1(T ) =
∑
T˜ ∈{	P3q2q1,	P1q2q3,	q1q2q3,	q2q3P2}
‖f ‖2
Dk+1(T˜ )
.
In order to calculate this norm, we have to compute {f (dj )}j=1,2,...,9. In particular, f (d1) can be expressed in terms
of f (P1), f (q2), f (P3) as follows
f (d1) = φk,P3(d1)f (P3)+ φk,P1(d1)f (P1)+ φk,q2(d1)f (q2)
= 2
(
3
4
− 1
2
)
3
4
f (P3)+ 2
(
1
4
− 1
2
)
1
4
f (P1)+ 414
3
4
f (q2) = 38f (P3)+
3
4
f (q2)− 18f (P1), f ∈ Vk.
Analogously, for d ∈ {dj }j=1,2,...,6, we obtain
f (d) = 3
8
f (P )+ 3
4
f (q)− 1
8
f (Q).
Here, d is on the edge PQ of T and q is the midpoint of PQ. P is the closer vertex of {P,Q} to d . Moreover, we
have
f (d7) = 12f (q2)+
1
2
f (q1)− 18f (P1)−
1
8
f (P2)+ 14f (q3),
f (d8) = 12f (q2)+
1
2
f (q3)− 18f (P2)−
1
8
f (P3)+ 14f (q1),
and
f (d9) = 12f (q1)+
1
2
f (q3)− 18f (P1)−
1
8
f (P3)+ 14f (q2).
For notational convenience, we write ‖f ‖2Dk(T ) and ‖f ‖2Dk+1(T ) in matrix form. Let the vector X := (f (P1), f (P2),
f (P3), tf (q1), tf (q2), tf (q3))T . Then we arrive at
‖f ‖2 = (XTX)vol(T ), ‖f ‖2 = (XTDX)vol(T ),Dk(T ) Dk+1(T )
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1
32
⎛⎜⎜⎜⎜⎜⎜⎝
3t2 + 8 − t22 − t
2
2 −2t 0 0
3t2 + 8 − t22 0 −2t 0
3t2 + 8 0 0 −2t
18 + 24t−2 8 8
18 + 24t−2 8
18 + 24t−2
⎞⎟⎟⎟⎟⎟⎟⎠ .
Therefore, max‖X‖=1 X
T X
XT DX
is the inverse of the minimum eigenvalue λmin(D) of the matrix D. In particular,
λmin(D) = 0.4439 = 2−2×0.5858 when t = 1. Consequently, λ = 0.5858. We can find the largest λmin(D) numeri-
cally by adjusting the parameter t . This gives rise to λmin(D) = 2−2×0.3974 when t = 1.8684. This completes the
proof. 
Theorem 4.1. For the properly chosen parameter t = 1.8684 in the definition of the discrete L2 inner product (7),
{ψk,j }k∈Z, j∈Dk form a Riesz basis for Hs(Ω), s ∈ (0.3974,3/2).
Early systematic framework on the stability of wavelet bases in certain Sobolev spaces can be found in [24]. More
work along this line has been done in [23,26]. We provide a proof in the following for self-contained purpose.
Proof. Let u =∑Jk=0 uk , uk ∈ W˜k , k = 0,1, . . . , J , and W˜0 := V0. We will show that there exist two constants C1
and C2 such that
C1‖u‖2Hs 
J∑
k=0
22ks‖uk‖2L2  C2‖u‖2Hs . (28)
Combining (28) and Lemma 3.2 yields the theorem.
Since u =∑Jk=0 uk , uk ∈ W˜k , we have
uk = ZJk u, k = 1, . . . , J.
Let the operator Pk := Qk −Qk−1. Then Pku ∈ Wk for any u ∈ VJ , and u =∑Jl=0 Plu. It follows that
J∑
k=0
22ks
∥∥ZJk u∥∥2L2 = J∑
k=0
22ks
〈
ZJk
J∑
l=0
Plu,Z
J
k
J∑
m=0
Pmu
〉
=
J∑
l,m=0
min(l,m)∑
k=0
22ks
〈
ZlkPlu,Z
m
k Pmu
〉
.
We let
∑̂=∑Jl,m=0∑min(l,m)k=0 for a moment. By Schwarz’s inequality, we have∑̂
22ks
〈
ZlkPlu,Z
m
k Pmu
〉

∑̂
22ks
∥∥ZlkPlu∥∥L2∥∥Zmk Pmu∥∥L2 .
Note that ‖Zjk‖L2←L2  C2λ(j−k) for k < j . Then we obtain∑̂
22ks
∥∥ZlkPlu∥∥L2∥∥Zmk Pmu∥∥L2  C∑̂22ks‖Plu‖L22λ(l−k)‖Pmu‖L22λ(m−k)
= C
∑̂
2−(l+m−2k)(s−λ)
(
2ls‖Plu‖L2
)(
2ms‖Pmu‖L2
)
.
Since s − λ > 0, we have∑̂
2−(l+m−2k)(s−λ)
(
2ls‖Plu‖L2
)(
2ms‖Pmu‖L2
)
C
J∑
l=0
(
2ls‖Plu‖L2
)2  C‖u‖2Hs ,
where we used Lemma 4.2 in the last inequality. Therefore,
J∑
22ks‖uk‖2L2  C2‖u‖2Hs . (29)k=0
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‖u‖2Hs =
J∑
l,m=0
〈
ZJl u,Z
J
mu
〉
Hs
 C
J∑
l,m=0
γ |l−m|
(
2ls
∥∥ZJl u∥∥L2)(2ms∥∥ZJmu∥∥L2).
It follows that
‖u‖2Hs 
1
C1
J∑
l=0
(
2ls
∥∥ZJl u∥∥L2)2 = 1C1
J∑
l=0
22ls‖ul‖2L2 . (30)
Combine (29) and (30), we obtain (28). This completes the proof. 
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